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Quadratic covariation

For continuous processes X and Y , define

[X ,Y ]t := P- lim
|π|→0

∑
i

(
Xti+1 − Xti

)(
Yti+1 − Yti

)
,

whenever the limit exists.

The quadratic variation previously denoted by [X ]t is now written

[X ,X ]t .
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Cauchy–Schwarz for covariation

|[X ,Y ]t | ≤
√
[X ,X ]t

√
[Y ,Y ]t .

∣∣∣∣∣∑
i

∆iX ∆iY

∣∣∣∣∣ ≤
(∑

i

(∆iX )2

)1/2(∑
i

(∆iY )2

)1/2

.

Pass to the limits as |π| → 0.

If g ∈ C 1([0,T ]), then [g , g ]t = 0; hence

[g ,B]t = 0.
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From analysis to algebra

Analysis =⇒ Algebra

[X ,Y ]t = P- lim
|π|→0

∑
i

∆iX ∆iY

Axiom I1: d [X ,Y ]t = dXt dYt

If g ∈ C 1([0,T ]), [g , g ]t = 0 Axiom I2: (dg(t))2 = 0

Axiom I3: (dt)2 = 0

If g ∈ C 1([0,T ]), [g ,B]t = 0 Axiom I4: dg(t) dBt = 0

Axiom I5: dt dBt = 0

[B,B]t = t Axiom I6: (dBt)
2 = dt
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Continuous Itô processes
Let X0 be F0-measurable, and let b and σ be continuous adapted processes satisfying

E
∫ T

0

(
|bs |2 + |σs |2

)
ds < ∞.

A process X of the form

Xt = X0 +

∫ t

0
bs ds +

∫ t

0
σs dBs

is called a continuous Itô process.
In differential notation,

dXt = bt dt + σt dBt .

The processes b and σ are respectively the drift and diffusion coefficient of X .

5 / 26



Continuous Itô processes
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Itô’s formula

Analysis =⇒ Algebra

If F ∈ C 1,2 and X is a continuous Itô
process, then

F (t,Xt)− F (0,X0) =

∫ t

0
Ft(s,Xs) ds

+

∫ t

0
Fx(s,Xs) dXs

+
1

2

∫ t

0
Fxx(s,Xs) d [X ,X ]s .

Axiom I7:

dF (t,Xt) = Ft dt + Fx dXt

+
1

2
Fxx(dXt)

2.

Here
(dXt)

2 = d [X ,X ]t .
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Product rule

Analysis =⇒ Algebra

Axiom I8:

d(XtYt) = Xt dYt + Yt dXt + dXt dYt .

7 / 26



Theory: the Itô integral has mean zero
For an elementary adapted integrand

Hs =
∑
i

Hi1(ti ,ti+1](s), Hi ∈ Fti ,

we have ∫ t

0
Hs dBs =

∑
i

Hi∆iB.

Since E(∆iB | Fti ) = 0,

E[Hi∆iB] = E[Hi E(∆iB | Fti )] = 0.

Therefore

E
[∫ t

0
Hs dBs

]
= 0.

The identity extends to square-integrable integrands by L2 approximation.
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Theory: variance and the Itô isometry
Let

Mt =

∫ t

0
Hs dBs .

Since E[Mt ] = 0,
Var(Mt) = E[M2

t ].

The Itô isometry gives

Var

(∫ t

0
Hs dBs

)
= E

[∫ t

0
H2
s ds

]
.

If H is deterministic, this reduces to

Var

(∫ t

0
Hs dBs

)
=

∫ t

0
H2
s ds.
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Problem 1: quadratic variation of tBt

Let Yt = tBt . Compute [Y ,Y ]t .

By Axiom I8,
dYt = t dBt + Bt dt + dt dBt .

By Axiom I5, dt dBt = 0, so

dYt = Bt dt + t dBt .

Using Axioms I3, I5, and I6,

(dYt)
2 = (Bt dt + t dBt)

2 = t2 dt.

Therefore

[Y ,Y ]t =

∫ t

0
s2 ds =

t3

3
.
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Problem 2: compute d(B2
t )

Compute d(B2
t ).

Apply Axiom I7 to F (x) = x2:

d(B2
t ) = 2Bt dBt +

1

2
(2)(dBt)

2.

By Axiom I6, (dBt)
2 = dt. Hence

d(B2
t ) = 2Bt dBt + dt.

Since Brownian motion starts at B0 = 0, equivalently,

B2
t = t + 2

∫ t

0
Bs dBs .
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Problem 2: alternative solution

Compute d(B2
t ) using the product rule.

Write B2
t = BtBt . By Axiom I8,

d(B2
t ) = Bt dBt + Bt dBt + dBt dBt

= 2Bt dBt + (dBt)
2.

By Axiom I6, (dBt)
2 = dt. Therefore

d(B2
t ) = 2Bt dBt + dt.
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Problem 3: compute d(logXt)
Suppose Xt > 0 and

dXt = bt dt + σt dBt .

For F (x) = log x , Axiom I7 gives

d(logXt) =
1

Xt
dXt −

1

2X 2
t

(dXt)
2.

The multiplication axioms give
(dXt)

2 = σ2
t dt.

Therefore

d(logXt) =

(
bt
Xt

− σ2
t

2X 2
t

)
dt +

σt
Xt

dBt .
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Problem 4: solve dXt = 5 dt + 4 dBt

Given X0, solve
dXt = 5 dt + 4 dBt .

Seek Xt = F (t,Bt). Axiom I7 gives

dF (t,Bt) =

(
Ft +

1

2
Fxx

)
dt + Fx dBt .

It is enough to choose

Ft = 5, Fx = 4, Fxx = 0.

14 / 26



Problem 4: solve dXt = 5 dt + 4 dBt

Given X0, solve
dXt = 5 dt + 4 dBt .

Seek Xt = F (t,Bt). Axiom I7 gives

dF (t,Bt) =

(
Ft +

1

2
Fxx

)
dt + Fx dBt .

It is enough to choose

Ft = 5, Fx = 4, Fxx = 0.

14 / 26



Problem 4: solve dXt = 5 dt + 4 dBt

Given X0, solve
dXt = 5 dt + 4 dBt .

Seek Xt = F (t,Bt). Axiom I7 gives

dF (t,Bt) =

(
Ft +

1

2
Fxx

)
dt + Fx dBt .

It is enough to choose

Ft = 5, Fx = 4, Fxx = 0.

14 / 26



Problem 4: construct the solution

Since B0 = 0 and F (0, 0) = X0, take

F (t, x) = X0 + 5t + 4x .

Therefore Xt = F (t,Bt) is

Xt = X0 + 5t + 4Bt .
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Problem 5: solve dXt = 5Xt dt + 4 dBt

Given X0, solve
dXt = 5Xt dt + 4 dBt .

Multiply by the deterministic integrating factor e−5t . By Axiom I8,

d(e−5tXt) = e−5t dXt + Xt d(e
−5t) + d(e−5t) dXt .

Since d(e−5t) = −5e−5tdt, Axioms I3 and I5 give

d(e−5t) dXt = −5e−5tdt (5Xtdt + 4dBt) = 0.

Substituting into the product rule,

d(e−5tXt) = 4e−5t dBt .
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Problem 5: integrate and solve

From the integrating-factor calculation,

d(e−5tXt) = 4e−5t dBt .

Integrating from 0 to t,

e−5tXt − X0 = 4

∫ t

0
e−5s dBs .

Multiplying by e5t ,

Xt = e5tX0 + 4

∫ t

0
e5(t−s) dBs .
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Problem 6: the Ornstein–Uhlenbeck process
For κ > 0, the OU equation is

dXt = κ(θ − Xt) dt + σ dBt , X0 = x .

Use the integrating factor eκt . Axiom I8 and the multiplication axioms give

d(eκtXt) = κθeκt dt + σeκt dBt .

Integrating from 0 to t gives

eκtXt − x = θ(eκt − 1) + σ

∫ t

0
eκs dBs .

Hence

Xt = θ + (x − θ)e−κt + σ

∫ t

0
e−κ(t−s) dBs .
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Problem 7: geometric Brownian motion
The geometric Brownian equation is

dSt = µSt dt + σSt dBt , S0 = s > 0.

Problem 3, with bt = µSt and σt = σSt , gives

d(log St) =

(
µ− 1

2
σ2

)
dt + σ dBt .

Integrating,

log St − log s =

(
µ− 1

2
σ2

)
t + σBt .

Therefore

St = s exp

{(
µ− 1

2
σ2

)
t + σBt

}
.
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Gaussian processes

A process (Gt)t∈[0,T ] is called a Gaussian process if, for every n ≥ 1 and every
t1, . . . , tn ∈ [0,T ],

(Gt1 , . . . ,Gtn) is a multivariate Gaussian vector.

Equivalently, for every a1, . . . , an ∈ R,

n∑
j=1

ajGtj is Gaussian.

The Gaussian vector is allowed to be degenerate; its covariance matrix need not be
invertible.
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L2 limits of multivariate Gaussian vectors

Lemma. Let Zn,Z ∈ Rd . If every Zn is multivariate Gaussian and

E∥Zn − Z∥2 −→ 0,

then Z is multivariate Gaussian.

For every a ∈ Rd ,
E|aTZn − aTZ |2 ≤ ∥a∥2E∥Zn − Z∥2 −→ 0.

Thus aTZ is an L2 limit of scalar Gaussian variables, hence is Gaussian. Since this holds for
every a, Z is multivariate Gaussian.
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Deterministic Itô integrals are Gaussian processes
Claim. If f ∈ L2([0,T ]) is deterministic, then

Gt :=

∫ t

0

f (s) dBs , 0 ≤ t ≤ T ,

is a Gaussian process.

Choose deterministic elementary fm → f in L2([0,T ]), and set

G
(m)
t =

∫ t

0

fm(s) dBs .

For fixed t1, . . . , tn, the vector (G
(m)
t1 , . . . ,G

(m)
tn ) is multivariate Gaussian.

By the Itô isometry,

E
n∑

j=1

|G (m)
tj − Gtj |2 =

n∑
j=1

∫ tj

0

|fm(s)− f (s)|2 ds −→ 0.

The preceding lemma now shows that (Gt1 , . . . ,Gtn) is multivariate Gaussian. Hence G is a
Gaussian process.
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Example: the process in Problem 5 is Gaussian

Recall

Xt = e5t
(
X0 + 4

∫ t

0
e−5s dBs

)
.

The process

Gt =

∫ t

0
e−5s dBs

is Gaussian by the preceding result.
If X0 is deterministic, or Gaussian and independent of B, then deterministic affine
transformations preserve Gaussianity.
Therefore

(Xt)t≥0 is a Gaussian process.
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Example: OU mean, variance, and distribution
The mean-zero property of the Itô integral gives

E[Xt ] = θ + (x − θ)e−κt .

The Itô isometry gives

Var(Xt) = σ2

∫ t

0
e−2κ(t−s) ds

=
σ2

2κ

(
1− e−2κt

)
.

The OU solution is a deterministic affine transformation of a Gaussian process.
Consequently,

Xt | X0 = x ∼ N
(
θ + (x − θ)e−κt ,

σ2

2κ
(1− e−2κt)

)
.
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Example: OU stationarity

Assume

X0 ∼ N
(
θ,

σ2

2κ

)
and X0 is independent of the future Brownian increments.

Then, for every t ≥ 0,

E[Xt ] = θ, Var(Xt) =
σ2

2κ
.

Moreover,

Cov(Xs ,Xt) =
σ2

2κ
e−κ|t−s|,

which depends only on the time difference.
Since the OU process is Gaussian, its finite-dimensional distributions are time-shift
invariant. Hence it is stationary.
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Example: geometric Brownian moments
Although S is not Gaussian, log S is Gaussian. Using the Gaussian exponential
moment,

E[St ] = seµt .

Also,
E[S2

t ] = s2e(2µ+σ2)t .

Hence

Var(St) = s2e2µt
(
eσ

2t − 1
)
.

For σ > 0, geometric Brownian motion is not stationary:

Var(log St) = σ2t

grows with time.
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