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Quadratic covariation

For continuous processes X and Y, define

[X, Y]t = P- lim (Xti+1 — Xti)(Yti+l — Yti)’

|m|—0 ;

whenever the limit exists.
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Quadratic covariation

For continuous processes X and Y, define

[X, Y]t = P- lim (Xti+1 — Xti)(Yti+l — Yti)’

|| —0 =
i

whenever the limit exists.
The quadratic variation previously denoted by [X]; is now written
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Cauchy—Schwarz for covariation

‘[X7 Y]t| < \/[XaX]t \/[Y’ Y]t'
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Cauchy—Schwarz for covariation

‘[X7 Y]t| < \/[XaX]t \/[Y’ Y]t'

1/2 1/2
g(Z(A,-X)2> (Z(A,Yf) :

1

ZA,-X AY
i

1

Pass to the limits as || — 0.

If g € CY([0, T]), then [g, g]: = O; hence
[g, B]t =0.
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From analysis to algebra

Analysis — Algebra

[X,Y]: = IP’-‘TIrilrEOZA,-X A Y
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From analysis to algebra

Analysis — Algebra

X, Y]e = P- lim 3" AXAY Axiom Zi:  d[X, Y], = dX; dY;
|| —0 -
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From analysis to algebra

Analysis —

Algebra

[X,Y]: = IE”-‘TIrimOZA,-X A Y

If g € C*([0, T]), [g,8]: =0

Axiom Z:  d[X, Y] = dX, dY,

Axiom T,: (dg(t))*=0

Axiom Z3: (dt)* =0
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From analysis to algebra

Analysis —

Algebra

[X,Y]: = IP—‘TIrilmOZ:A,-X A Y

If g € C*([0, T]), [g,8]: =0
If g € C*([0, T]), [g,B]: =0

[Ba B]t =t

Axiom Z:  d[X, Y] = dX, dY,

Axiom T,: (dg(t))*=0
Axiom Z3: (dt)* =0
Axiom Z,: dg(t)dB; =0
Axiom Zs: dtdB, =0

Axiom Ty: (dB;)? = dt
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Continuous Ito6 processes

Let Xy be Fp-measurable, and let b and o be continuous adapted processes satisfying

-
IE/ (1bs]> + |os|?) ds < oo.
0
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Continuous Ito6 processes

Let Xy be Fp-measurable, and let b and o be continuous adapted processes satisfying

-
IE/ (1bs]> + |os|?) ds < oo.
0

A process X of the form

t t
Xt:Xo+/ bsds+/ 0s dBs
0 0

is called a continuous Ité process.
In differential notation,

|dX; = by dt + 0y dB.|

The processes b and o are respectively the drift and diffusion coefficient of X.
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Ito’s formula

Analysis = Algebra

If F e C12 and X is a continuous Ité
process, then

F(t7Xt) - F(07X0) — At Ft(S,XS) ds

t
+/ Fi(s, Xs) dXs
0

1

t
+2/ Frc(5, Xs) d[X, X]s.
0
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Ito’s formula

Analysis =
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If F e C12 and X is a continuous Ité
process, then

F(t7Xt) - F(07X0) — At Ft(S,XS) ds

t
+/ Fi(s, Xs) dXs
0

1

t
+2/ Frc(5, Xs) d[X, X]s.
0

Axiom Z7:
dF(t,Xt) = Ftdt+ FXdXt

1
+ §FXX(dXt)2.
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Ito’s formula

Analysis =

Algebra

If F e C12 and X is a continuous Ité
process, then

F(t7Xt) - F(07X0) — At Ft(S,XS) ds

t
+/ Fi(s, Xs) dXs
0

1
2

t
+/ Fee(s, Xs) d[X, X]s.
0

Axiom Z7:
dF(t,Xt) = Ftdt+ FXdXt

1
+ §FXX(dXt)2.

Here
(dXt)2 = d[X, X]:.
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Product rule

Analysis == Algebra

Axiom Zg:

[d(X,Ye) = Xe dYe + Ve dXe + dX, dYe.
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Theory: the It integral has mean zero
For an elementary adapted integrand

HS = Z Hl']'(t,',t,url](s)’ Hi € ‘7:tf’

we have

/t H, dBg = Z H;A;B.
0 i
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Theory: the It integral has mean zero
For an elementary adapted integrand

HS = Z Hl']'(t,',t,url](s)’ Hi € ‘7:tf’
we have

/t H, dBg = Z H;A;B.
0 i

Since E(A;B | Ft,) =0,
E[H,'A,‘B] = E[HiE(AIB | ]:ti)] = 0.

t
E[/ Hsst] =0.
0

The identity extends to square-integrable integrands by L? approximation.

Therefore

8/26



Theory: variance and the 1t6 isometry
Let

t
Mt:/ Hs dBs.
0
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Theory: variance and the 1t6 isometry
Let

t
/\/It:/ Hs dBs.
0

Since E[M;] =0,
Var(M,) = E[M?].

The It6 isometry gives

t t
Var</ Hsst)_E[/ Hfds]
0 0

If H is deterministic, this reduces to

t t
Var(/ Hsst) :/ H? ds.
0 0
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Problem 1: quadratic variation of tB;
Let Y; = tB;. Compute [Y, Y];.
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Problem 1: quadratic variation of tB;
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By Axiom Zg,

dY: = tdB; + B: dt 4 dt dB;.

By Axiom Zs, dt dB; = 0, so
dYt = Bt dt + tdBt
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Problem 1: quadratic variation of tB;
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By Axiom Zg,
dY: = tdB; + By dt + dt dB;.

By Axiom Zs, dt dB; = 0, so
dYt = Bt dt + tdBt

Using Axioms Z3, Zs, and Zg,

(dY:)? = (Br dt + t dB;)? = t* dt.
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Problem 1: quadratic variation of tB;
Let Y; = tB;. Compute [Y, Y];.
By Axiom Zg,
dY: = tdB; + By dt + dt dB;.

By Axiom Zs, dt dB; = 0, so
dYt = Bt dt + tdBt

Using Axioms Z3, Zs, and Zg,

(dY:)? = (Br dt + t dB;)? = t* dt.

Therefore

t #3
Y, Y]t_/ s’ds = —.
0 3
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Problem 2: compute d(B?)
Compute d(B?).
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Problem 2: compute d(B?)
Compute d(B?).
Apply Axiom Z7 to F(x) = x2:

1
d(B?) = 2B, dB; + 5(2)(d/3t)2.

11/26



Problem 2: compute d(B?)
Compute d(B?).
Apply Axiom Z7 to F(x) = x2:

1
d(B?) = 2B, dB; + 5(2)(d/3t)2.

By Axiom T, (dB;)? = dt. Hence

d(B?) = 2B; dB; + dt.
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Problem 2: compute d(B?)
Compute d(B?).
Apply Axiom Z7 to F(x) = x:

1
d(B?) = 2B, dB; + 5(2)(d/3t)2.

By Axiom T, (dB;)? = dt. Hence

d(B?) = 2B; dB; + dt.

Since Brownian motion starts at By = 0, equivalently,

t
Bf:t+2/ B; dB;.
0
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Problem 2: alternative solution

Compute d(B?) using the product rule.
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Problem 2: alternative solution

Compute d(B?) using the product rule.
Write B? = B;B;. By Axiom Zg,

d(B?) = B; dB; + B; dB; + dB; dB;
= 2B; dB; + (dB;)%.
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Problem 2: alternative solution

Compute d(B?) using the product rule.
Write B? = B;B;. By Axiom Zg,

d(B?) = B; dB; + B; dB; + dB; dB;
= 2B; dB; + (dB;)%.

By Axiom TZg, (dB;)? = dt. Therefore

d(B?) = 2B; dB; + dt.
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Problem 3: compute d(log X;)

Suppose X; > 0 and
dXt = bt dt + Ot dBt
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Problem 3: compute d(log X;)

Suppose X; > 0 and
dXt = bt dt + Ot dBt

For F(x) = log x, Axiom Z7 gives

1 1
d(lOgXt) - Yt dXt - W(dxt)2
t
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Problem 3: compute d(log X;)

Suppose X; > 0 and
dXt = bt dt + Ot dBt

For F(x) = log x, Axiom Z7 gives
1 1

d(log X;) = — dX; — ——5(dX;)%

X: ' 2X2

The multiplication axioms give
(dX:)? = o2 dt.
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Problem 3: compute d(log X;)

Suppose X; > 0 and
dXt = bt dt + Ot dBt

For F(x) = log x, Axiom Z7 gives

1
d(|0g Xt) - Yt dXt 2X2

The multiplication axioms give
(dX:)? = o2 dt.

Therefore

(dXe).

by 2

log X;) = | — B;.
d(Og t) (Xt 2X2>dt+Xtd
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Problem 4: solve dX; = 5dt + 4 dB;

Given Xp, solve
dX; =5dt +4dB;.
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Problem 4: solve dX; = 5dt + 4 dB;

Given Xp, solve
dX; =5dt +4dB;.

Seek X = F(t, B;). Axiom Z7 gives

1
dF(t, B;) = (Ft + 2FXX) dt + F, dB:s.
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Problem 4: solve dX; = 5dt + 4 dB;

Given Xp, solve
dX; =5dt +4dB;.

Seek X = F(t, B;). Axiom Z7 gives

1
dF(t, B;) = (Ft + 2FXX) dt + F, dB:s.

It is enough to choose
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Problem 4: construct the solution

Since By = 0 and F(0,0) = Xo, take

F(t,x) = Xo + 5t + 4x.
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Problem 4: construct the solution

Since By = 0 and F(0,0) = Xo, take

F(t,x) = Xo + 5t + 4x.

Therefore X; = F(t, B;) is

| Xe = Xo + 5t +4B:.
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Problem 5: solve dX; = 5X; dt + 4 dB;

Given Xp, solve
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Problem 5: solve dX; = 5X; dt + 4 dB;

Given Xp, solve

Multiply by the deterministic integrating factor e . By Axiom Tg,

d(e™>'X;) = et dX; + Xe d(e7°) + d(e°") dX:.
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Problem 5: solve dX; = 5X; dt + 4 dB;

Given Xp, solve

Multiply by the deterministic integrating factor e . By Axiom Tg,

d(e™>'X;) = et dX; + Xe d(e7°) + d(e°") dX:.

Since d(et) = —5e~°tdt, Axioms Z3 and Z5 give

d(e™®) dX; = ~5e~*dt (5X.dt + 4dB;) = 0.
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Problem 5: solve dX; = 5X; dt + 4 dB;

Given Xp, solve

Multiply by the deterministic integrating factor e . By Axiom Tg,

d(e™>'X;) = et dX; + Xe d(e7°) + d(e°") dX:.

Since d(et) = —5e~°tdt, Axioms Z3 and Z5 give

d(e™®) dX; = ~5e~*dt (5X.dt + 4dB;) = 0.

Substituting into the product rule,

d(e™>*X;) = 4e°' dB,.
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Problem 5: integrate and solve

From the integrating-factor calculation,

d(e %' X;) = 4e° dB,.
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Problem 5: integrate and solve

From the integrating-factor calculation,

d(e %' X;) = 4e° dB,.

Integrating from 0 to t,

t
e X, — Xy =4 / e 5% dB..
0
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Problem 5: integrate and solve

From the integrating-factor calculation,

d(e %' X;) = 4e° dB,.

Integrating from 0 to t,

t
e X, — Xy =4 / e 5% dB..
0

Multiplying by e®t,

t
X; = e Xy + 4 / e>(t=9) ¢B,.
0
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Problem 6: the Ornstein—Uhlenbeck process
For k > 0, the OU equation is

(dXe = k(0 — Xe)dt +0dBe,  Xo=x.
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Use the integrating factor €. Axiom Zg and the multiplication axioms give

d(e" X;) = ket dt + oe"* dB;.
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et X — x = f(e"t — 1)+ 0/ e dB;.
0
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Problem 6: the Ornstein—Uhlenbeck process
For k > 0, the OU equation is

(dXe = k(0 — Xe)dt +0dBe,  Xo=x.

Use the integrating factor €. Axiom Zg and the multiplication axioms give

d(e" X;) = ket dt + oe"* dB;.

Integrating from 0 to t gives

t
et X — x = f(e"t — 1)+ 0/ e dB;.
0

Hence

t
Xe=0+(x—0)e " +o / e *(t=5) 4B,
0
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Problem 7: geometric Brownian motion
The geometric Brownian equation is

|dS¢ = pSedt +0SidB;,  Sp=5>0.
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Problem 3, with by = uS; and o; = 0S;, gives

1
d(log S;) = (u — 202> dt + o dB;.
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Problem 7: geometric Brownian motion
The geometric Brownian equation is

|dS¢ = pSedt +0SidB;,  Sp=5>0.

Problem 3, with by = uS; and o; = 0S;, gives

1
d(log S;) = (u — 202> dt + o dB;.

Integrating,
1
log S; — logs = (u — 202> t+ oB:;.

1
S = sexp{ <,u — 202) t—i—aBt} .

Therefore
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Gaussian processes

A process (Gt)ecfo,] is called a Gaussian process if, for every n > 1 and every
t1,....tn € [0, T],

’(th, ..., Gg,) is a multivariate Gaussian vector.
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g a; Gy, is Gaussian.
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Gaussian processes

A process (Gt)ecfo,] is called a Gaussian process if, for every n > 1 and every
t1,....tn € [0, T],

’(th, ..., Gg,) is a multivariate Gaussian vector.

Equivalently, for every ai,...,a, € R,

n
g a; Gy, is Gaussian.

j=1

The Gaussian vector is allowed to be degenerate; its covariance matrix need not be
invertible.
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[? limits of multivariate Gaussian vectors

Lemma. Let Z,, Z € RY. If every Z, is multivariate Gaussian and
E|Z, — Z||> — 0,

then Z is multivariate Gaussian.
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[? limits of multivariate Gaussian vectors

Lemma. Let Z,, Z € RY. If every Z, is multivariate Gaussian and
E|Z, — Z||> — 0,

then Z is multivariate Gaussian.
For every a € RY,
Ela'Z, — a'Z|? < ||a||*E||Z, — Z||*> — O.
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[? limits of multivariate Gaussian vectors

Lemma. Let Z,, Z € RY. If every Z, is multivariate Gaussian and
E|Z, — Z||> — 0,
then Z is multivariate Gaussian.

For every a € RY,
Ela'Z, — a' Z|? < ||a|*E||Z, — Z|* — O.

Thus a' Z is an L2 limit of scalar Gaussian variables, hence is Gaussian. Since this holds for
every a, Z is multivariate Gaussian.
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Deterministic 1to integrals are Gaussian processes

Claim. If f € L%([0, T]) is deterministic, then

is a Gaussian process.

t
G ::/ f(s)dB,, 0<t<T,
0
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is a Gaussian process.
Choose deterministic elementary f,, — f in L?([0, T]), and set

For fixed ti,...,t,, the vector (Gt(lm)7 . Gt("m)) is multivariate Gaussian.
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Claim. If f € L%([0, T]) is deterministic, then

t
G ::/ f(s)dB,, 0<t<T,
0

is a Gaussian process.
Choose deterministic elementary f,, — f in L?([0, T]), and set

For fixed ti,...,t,, the vector (Gt(lm)7 . Gt("m)) is multivariate Gaussian.
By the It5 isometry,

Eimﬁ/ — G, = Z/ (s)I ds — 0.
j=1
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Deterministic 1to integrals are Gaussian processes
Claim. If f € L%([0, T]) is deterministic, then

t
G ::/ f(s)dB,, 0<t<T,
0

is a Gaussian process.
Choose deterministic elementary f,, — f in L?([0, T]), and set

For fixed ti,...,t,, the vector (Gt(lm)7 . Gt("m)) is multivariate Gaussian.
By the It5 isometry,

Eimﬁ/ — G, = Z/ (s)I ds — 0.
j=1

The preceding lemma now shows that (Gy,,. .., G;,) is multivariate Gaussian. Hence G is a
Gaussian process.
22/26



Example: the process in Problem 5 is Gaussian

t
X, = &%t (Xo +4 / e 5 st) .
0

Recall
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If Xo is deterministic, or Gaussian and independent of B, then deterministic affine
transformations preserve Gaussianity.
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Example: the process in Problem 5 is Gaussian

t
X, = &%t (Xo +4 / e 5 st) .
0

t
Gy = / e %% dB
0

is Gaussian by the preceding result.

If Xo is deterministic, or Gaussian and independent of B, then deterministic affine
transformations preserve Gaussianity.

Therefore

Recall

The process

’(Xt)tzg is a Gaussian process.
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Example: OU mean, variance, and distribution
The mean-zero property of the It integral gives

E[X¢] =0+ (x — 0)e ",
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Example: OU mean, variance, and distribution
The mean-zero property of the It integral gives

E[X¢] =0+ (x — 0)e ",

The It6 isometry gives

t
Var(X;) = 02/ e~ 25(t=9) s
0

2
_|@ _ a2kt
=15 (1 e ) .
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Example: OU mean, variance, and distribution
The mean-zero property of the It integral gives

E[X:] =0+ (x — 0)e™"*

The It6 isometry gives

The OU solution is a deterministic affine transformation of a Gaussian process.
Consequently,

Xt|X0:x~N<9+(x— 0)e ", o’ (1 2“)).

24 /26



Example: OU stationarity

Assume

2
Xo ~ N(e, ">
2K

and Xj is independent of the future Brownian increments.
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Example: OU stationarity

Assume

2
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and Xj is independent of the future Brownian increments.
Then, for every t > 0,

0.2
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Example: OU stationarity

Assume

2
Xo ~ N(e, “>
2K
and Xj is independent of the future Brownian increments.
Then, for every t > 0,

0.2
E[Xt] = 0, Var(Xt) = %

Moreover,
2
ag _ _
— e K|t S\,

Cov(Xe, Xe) = -

which depends only on the time difference.
Since the OU process is Gaussian, its finite-dimensional distributions are time-shift
invariant. Hence it is stationary.
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Example: geometric Brownian moments
Although S is not Gaussian, log S is Gaussian. Using the Gaussian exponential

moment,

E[S;] = sett.
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Example: geometric Brownian moments

Although S is not Gaussian, log S is Gaussian. Using the Gaussian exponential

moment,

Also,

Hence

E[S;] = sett.

]E[St2] _ 526(2#-‘—0—2)1‘.

Var(S;)

2
:SZe2ut (ea t_ 1) .
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Example: geometric Brownian moments
Although S is not Gaussian, log S is Gaussian. Using the Gaussian exponential

moment,
E[S;] = sett.
Also,
E[5?] = 2euto)"
Hence

Var(S;) = s?e?t (e"zt - 1) :

For o > 0, geometric Brownian motion is not stationary:
Var(log S;) = ot

grows with time.
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