
MADRAS SCHOOL OF ECONOMICS
UNDERGRADUATE PROGRAMME IN ECONOMICS (HONOURS) [2024-27]

SEMESTER 3 [JULY – NOVEMBER, 2025]

REGULAR END TERM EXAMINATION, NOVEMBER 2025

Course Name: Statistics for Economics, Course Code:CC08

Duration: 2 Hours Maximum Marks: 60

Instructions: For part A write short answers (most preferably quote a theorem/identity or justify

in a sentence or two). For part B, writing relevant formulae and quoting correct definitions helps me

give you part marks.

Part A: Answer all questions (1 mark x 10 questions = 10 marks)

1. Why does the sample variance for n data points have a n→ 1 in the denominator?

2. Can the heights of the male population of Chennai be distributed as a standard normal? Explain.

3. Explain the precise meaning of the term “almost surely” in statistics and probability theory.

4. A reporter surveyed a large number of prison inmates and found that a majority were first-born
children. This led to discussion on why first-borns are more likely to be criminals, citing parenting
styles and societal pressures. As a statistician, what do you suspect might be the reason?

5. What is the distribution of
n∑

i=1

(Yi → µ)2

ω2
if Y1, Y2, . . . , Yn are drawn from i.i.d Normal(µ,ω2)?

6. Prove: If W is an unbiased estimator for ε and W is non-constant almost surely, then W
2 is not

an unbiased estimator for ε
2
.

7. Compute the Cramer-Rao lower bound (the right hand side of the inequality) for the exponential
distribution.

8. Write down the probability density function for a bivariate normal (X,Y) with mean (µX , µY )
and covariance matrix !.

9. A random sample of twenty cell phones yields absorption rates (in watts per kilogram) for radio
frequency energy. The FCC safety limit is 1.6W/kg. The sample mean and standard deviation
of the absorption rates are x̄ = 1.211 W/kg and s = 0.5 W/kg, respectively. Using a 95%
confidence interval for the true mean absorption rate and assuming a t-statistic is used, conclude
whether the phones are safe to use.

10. State the general formula for the probability density function of the k-th order statistic X(k)

from a sample of n i.i.d. continuous random variables with pdf f and CDF F.
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Part B: Answer any five. (5 mark x 10 questions = 50 marks)

11. State and prove Rao-Blackwell theorem. Explain how it is useful and illustrate it using an
example. Work out the example clearly and rigorously.

12. Answer the following questions:

(a) [3 marks] An herbalist believes a new supplement a!ects the IQ scores of children with
mild attention deficit disorder (ADD). For a random sample of 10 such children, the sample
mean score ȳ is observed. The population is known to have mean µ = 95 and ω = 15. If the
test is conducted at significance level ϑ = 0.1, determine the range of ȳ values for which H0

would be rejected (two-sided test). Show the derivation of your critical region.
(b) [4 marks] A company produces a product that yields a profit of m dollars per sold unit and

a loss of n dollars per unsold unit. Suppose demand V follows an exponential distribution
with pdf

fV (v) =
1

ϖ
e
→v/ω

, v > 0.

Derive the expression for the expected profit as a function of the number of items produced,
and determine the optimal production quantity that maximizes expected profit.

(c) [3 marks] Suppose that the conditional and marginal densities are given by

fY |X(y|x) = 2y + 4x

1 + 4x
and fX(x) =

1

3
(1 + 4x),

for 0 < x < 1 and 0 < y < 1. Find the conditional expectation E(X|Y ), clearly showing all
steps of your derivation and verifying that the resulting density integrates to one.

13. Answer the following questions:

(a) [3 marks] Three people, A, B, C, stand in a circle and toss a ball sequentially to the next
person: A ↑ B ↑ C ↑ A . . . Each time the ball is tossed, the recipient may drop it with
probability p, independently of all other throws. Drops do not a!ect turn order or stop the
game (the ball is immediately recovered and the next scheduled passer throws). The game
lasts for exactly 3 tosses.

i. Write down an appropriate sample space for this experiment.
ii. Define a random variable X that represents the number of ball drops in the 3 tosses,

and show explicitly that X is a function on the sample space.
iii. Find the probability mass function (pmf) of X.

(b) [3 marks] Derive the MGF of square of standard normal starting from the definition of MGF
and density of standard normal. You cannot quote any direct formula for the MGF of a
known distribution. You may use the integral formula

∫ ↑

→↑
e
→εz2

dz =

√
ϱ

ϑ
, ϑ > 0.

(c) [4 marks] In the past, defendants convicted of grand theft auto served Y years in prison,
where the pdf describing the variation in Y had the form

fY (y) =
y

8
, 0 < y ↓ 4.

Recent judicial reforms, though, may have impacted the punishment meted out for this
particular crime. A review of 50 individuals convicted of grand theft auto five years ago
showed that 6 served less than one year in jail, 12 served between one and two years, 15
served between two and three years and 17 served between three and four years. Are these
data consistent with fY (y)? Perform an appropriate hypothesis test using the ϑ = 0.05
level of significance.
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14. Answer the following questions:

(a) [5 marks] An MSE statistics student is playing an online board game with a friend who
claims to be rolling a pair of fair dice each turn. The student suspects the friend is instead
picking a number uniformly at random from {2, 3, . . . , 12}. So she decides to base her
conclusion on only the first total S announced by her friend. Let

H0 : S has the distribution of the sum of two fair dice,

H1 : S is uniformly distributed on {2, . . . , 12}.

i. (3 marks) Among all tests that use this single observation and have size ϑ = 5.56%,
construct the test with the highest possible power.

ii. (2 marks) State its rejection region and the power under H1.

(b) [2 marks] Let X1 and X2 be identically distributed Bernoulli random variables taking values
in {0, 1}. Let S = X1 +X2. Suppose S ↔ Binomial(2, p). Show that this implies X1 and
X2 are independent and identically distributed as Bernoulli(p).

(c) [3 marks] An engineer models the proportion Y of a task completed using the probability
density function

fY (y; ε) = ε y
ϑ→1

, 0 ↓ y ↓ 1.

The engineer has a vague memory that the parameter ε is one of the three possible values
in the set {1, 3, 6}. In a previous project, the observed completion proportions for five tasks
were 0.77, 0.82, 0.92, 0.94, 0.98. Find the maximum likelihood estimate of ε based on these
data.

15. Answer the following questions:

(a) [2 marks] The Pew Research Center did a survey of 2253 adults and discovered that 63%
of them had broadband Internet connections in their homes. The survey report noted that
this figure represented a “significant jump” from the similar figure of 54% from two years
earlier. One way to define “significant jump” is to show that the earlier number does not lie
in the 95% confidence interval. Was the increase significant by this definition?

(b) [3 marks] Show that if X,Y are independent and identically distributed as N (0,ω2), then

X + Y

|X → Y |

is t-distributed. [Hint: Recall t-statistic?]
(c) [5 marks] Two analysts at an insurance company disagree about the mean number of daily

claims. Anyaay believes it remains at 10 claims per day, while Bhayaanak argues that it has
increased to 11. Assume that the number of claims on each of n independent days follows a
Poisson distribution with mean ϖ. They agree to perform the most powerful level-5% test
of

H0 : ϖ = 10 vs H1 : ϖ = 11,

and that n is large enough for a Central Limit Theorem approximation (with a one-sided
continuity correction) to be used if needed.

i. [3 marks] Derive the form of the most powerful test at the 5% level, and using an
appropriate CLT approximation, obtain the critical region in terms of n for this test.
Then express the approximate power under H1 as a function of n.

ii. [2 marks] Hence determine approximately how many days of claim data are required
so that the level-5% test has 95% power to detect an increase from 10 to 11 claims per
day. Show your reasoning and state the final value of n.
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16. Answer the following questions:

(a) [5 marks] Let X1, . . . , Xn be i.i.d. geometric random variables with pmf

Pr(Xi = k | ε) = (1→ ε)k→1
ε, k = 1, 2, . . . , 0 < ε < 1,

and prior ε ↔ Beta(r, s). Let Tn =
n∑

i=1

Xi.

i. [1 marks] Derive the posterior distribution ϱ(ε | X1:n) and the posterior mean ε̂n(X1:n)
in terms of r, s, n, and Tn.

ii. [4 marks] Switching to a frequentist view, and treating ε as a fixed but unknown con-
stant, determine whether the statistic ε̂n is an unbiased estimator of ε for the geometric
pmf. Is it consistent?

(b) [5 marks] Let X1, X2, . . . , Xn be i.i.d. random variables from the uniform distribution

f(x; ε) =






1

ε
, 0 < x < ε,

0, otherwise,

where ε > 0 is unknown.
i. (1 mark) State the maximum likelihood estimator (MLE) of ε.
ii. (4 marks) Prove that the MLE is a consistent estimator of ε.

17. Answer the following questions:

(a) [4 marks] Let X1, X2, and X3 be independent Bernoulli random variables with common but
unknown parameter p = P (Xi = 1). It is known that S = X1 + X2 + X3 is a su"cient
statistic for p. Show that the linear combination T = X1 + 2X2 + 3X3 is not su"cient for
p.

(b) [6 marks] Suppose we have a possibly biased coin with probability of Head p, and an urn
containing w>0 white balls and b>0 black balls. A single trial is conducted as follows:
Toss the coin once. If the outcome is Head, add one white ball to the urn. If the outcome

is Tail, add one black ball to the urn. Then draw one ball at random from the urn, which

now contains w + b+ 1 balls, and record its colour and place it back into the urn.

Let X denote the number of times a white ball is recorded in n independent repeated trials
of this experiment.

i. (2 marks) Show that the probability of recording a white ball in a single trial is

q(p) =
w + p

w + b+ 1
.

ii. (2 marks) Write down the likelihood function for p.
iii. (2 marks) For w = 1, b = 2, n = 5 let the maximum likelihood estimator of p be p̂, is

there a value of X for which 0 < p̂ < 1.
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Common Probability Distributions
Notation. Unless otherwise stated:

E[X] denotes the mean, Var(X) the variance, f(x) the pdf or pmf,

F (x) the cdf, MX(t) the mgf.

!(·) is the gamma function, B(·, ·) the beta function, and ”(·) the standard normal cdf. Floor →·↑ and
ceiling ↓·↔ indicate integer parts.

Bernoulli(p)

x ↗ {0, 1}, f(x) = p
x(1↘ p)1→x

, MX(t) = 1↘ p+ pe
t
.

E[X] = p, Var(X) = p(1↘ p), Mode: 1 if p > 1/2, else 0.

Binomial(n, p)

x = 0, 1, . . . , n, f(x) =

(
n

x

)
p
x(1↘ p)n→x

, MX(t) = (1↘ p+ pe
t)n.

E[X] = np, Var(X) = np(1↘ p), Mode: →(n+ 1)p↑.

Geometric(p) (number of trials until first success)

x = 1, 2, . . . , f(x) = p(1↘ p)x→1
, MX(t) =

pe
t

1↘ (1↘ p)et
, t < ↘ ln(1↘ p).

E[X] =
1

p
, Var(X) =

1↘ p

p2
, Mode: 1.

Poisson(ω)

x = 0, 1, 2, . . . , f(x) = e
→ωω

x

x!
, MX(t) = exp[ω(et ↘ 1)].

E[X] = ω, Var(X) = ω, Mode: →ω↑.

Hypergeometric(N,K, n)

x = max(0, n↘N +K), . . . ,min(n,K), f(x) =

(K
x

)(N→K
n→x

)
(N
n

) .

E[X] = n
K

N
, Var(X) = n

K

N

(
1↘ K

N

)
N ↘ n

N ↘ 1
.

Uniform(a, b)

a ≃ x ≃ b, f(x) =
1

b↘ a
, MX(t) =

e
tb ↘ e

ta

t(b↘ a)
.

E[X] =
a+ b

2
, Var(X) =

(b↘ a)2

12
.

Exponential(ω)

x ⇐ 0, f(x) = ωe
→ωx

, F (x) = 1↘ e
→ωx

, MX(t) =
ω

ω↘ t
, t < ω.

E[X] =
1

ω
, Var(X) =

1

ω2
, Mode: 0.

Gamma(ε,ω)

x > 0, f(x) =
ω
ε
x
ε→1

e
→ωx

!(ε)
, MX(t) =

(
1↘ t

ω

)→ε

.
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E[X] =
ε

ω
, Var(X) =

ε

ω2
, Mode:

ε↘ 1

ω
(ε > 1).

Normal(µ,ϑ
2
)

f(x) =
1⇒
2ϖϑ2

exp

[
↘ (x↘ µ)2

2ϑ2

]
, MX(t) = e

µt+ 1
2ϑ

2t2
.

E[X] = µ, Var(X) = ϑ
2
, Mode, Median: µ.

Chi-square(k)

f(x) =
1

2k/2!(k/2)
x
k/2→1

e
→x/2

, MX(t) = (1↘ 2t)→k/2
.

E[X] = k, Var(X) = 2k, Mode: k ↘ 2 (k > 2).

Student-t(ϱ)

f(x) =
!((ϱ + 1)/2)⇒

ϱϖ!(ϱ/2)

(
1 +

x
2

ϱ

)→(ϖ+1)/2

.

E[X] = 0 (ϱ > 1), Var(X) =
ϱ

ϱ ↘ 2
(ϱ > 2), Mode: 0.

Beta(ε,ς)

0 < x < 1, f(x) =
x
ε→1(1↘ x)ϱ→1

B(ε,ς)
,

E[X] =
ε

ε+ ς
, Var(X) =

ες

(ε+ ς)2(ε+ ς + 1)
, Mode:

ε↘ 1

ε+ ς ↘ 2
(ε,ς > 1).
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Table A.1 Cumulative Areas under the Standard Normal Distribution

0 z

z 0 1 2 3 4 5 6 7 8 9

(cont.)
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Table A.1 Cumulative Areas under the Standard Normal Distribution (cont.)

z 0 1 2 3 4 5 6 7 8 9

Source: From Samuels/Witmer, Statistics for Life Sciences, Table 3, p. 675, © 2003 Pearson Education, Inc.
Reproduced by permission of Pearson Education, Inc.
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Table A.2 699

Table A.2 Upper Percentiles of Student t Distributions

0 tα, df

Area = α

Student t distribution
with df degrees of freedom

α

df 0.20 0.15 0.10 0.05 0.025 0.01 0.005

(cont.)
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Table A.2 Upper Percentiles of Student t Distributions (cont.)
α

df 0.20 0.15 0.10 0.05 0.025 0.01 0.005



Table A.2 701

Table A.2 Upper Percentiles of Student t Distributions (cont.)
α

df 0.20 0.15 0.10 0.05 0.025 0.01 0.005

Source: Scientific Tables, 6th ed. (Basel, Switzerland: J.R. Geigy, 1962), pp. 32–33.
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Table A.3 Upper and Lower Percentiles of χ 2 Distributions

Area = 1 – p

!   distribution with
df degrees of freedom

!2
p, df

2

0

p

df 0.010 0.025 0.050 0.10 0.90 0.95 0.975 0.99



Table A.3 703

Table A.3 Upper and Lower Percentiles of χ 2 Distributions (cont.)
p

df 0.010 0.025 0.050 0.10 0.90 0.95 0.975 0.99

Source: Scientific Tables, 6th ed. (Basel, Switzerland: J.R. Geigy, 1962), p. 36.

Area = 1 – p

F distribution with m
and n degrees of freedom

Fp, m, n0

The figure above illustrates the percentiles of the F distributions shown in Table
A.4. Table A.4 is used with permission from Wilfrid J. Dixon and Frank J. Massey,
Jr., Introduction to Statistical Analysis 2nd ed. (New York: McGraw-Hill, 1957),
pp. 389–404.


