Homework #4 - Machine Learning
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February 1, 2026

Problem Set

1. Let C C R™™ be a convex set. Define the projection onto the first n coordinates by
7(C) ={z € R": 3y € R™ such that (z,y) € C}.
Prove that 7(C) is convex.

2. Let F: R" x R™ — RU {+00} be convex, and define

o) i= inf Fla,y).

(a) Show that
epi(¢) = m(epi(F)),

where 7 denotes projection onto the (z,t) coordinates.

(b) Using the previous problem, prove that ¢ is convex.

3. Consider the optimisation problem

. A

jin - f(8)+3 ;g(ﬂi, 04),
where f: R” — R is convex, A > 0, and
2
x

— + Yy, y > 07
(@9) =1,
TEI =10, z=0,y=0,
400, otherwise.

(a) Show that the objective function is convex.

ot (74
1n — .
y=20 \ Y Y

(¢) Using the previous parts, show that minimising over o > 0 yields

min, F(B) + MB|-

(b) For fixed z € R, compute

4. Let v € R™ and consider the optimisation problem

1
;IelliRr}L in—vﬂg subject to ||z|j; < 1.
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(a) Write down the Lagrangian for this problem.
(b) Define the dual function

g(A) := inf L(z, \), A >0,
TER™

and show that the minimiser in the definition of g(\) satisfies
zi(A) = sign(v;) ([vi| = M)+

(c) Using complementary slackness, show that if ||v|; < 1, then #* = v is optimal.
(d) Otherwise, show that the optimal multiplier \* satisfies

S (il — N4 =1,

=1

and hence characterise the projection x*.

5. Consider the quadratic optimisation problem

1
min -z Qr+c¢'z subject to Az =0b,
z€eR™ 2

where () is symmetric positive definite and A has full row rank.

(a) Write down the Lagrangian and derive the KKT conditions.
(b) Show that the optimal primal-dual pair (z*, \*) satisfies

(30 E)-0)
A 0 A* b )’
(c¢) Explain why this system has a unique solution.
6. Let X1,..., X, beii.d. random variables with distribution
Xi~ N(p,a?),
where p is known and o2 > 0 is unknown.

(a) Write down the likelihood function L(c?).
(b) Show that the likelihood can be written in the form

02 4
=1

1 n
L(0?) x (62)™™? exp <—2 (x; — ,u)2> .
7. Suppose the prior density of o2 is of the form

plo?) o (62)~@+) exp(—%) L 20,
g

for some «, 8 > 0.

(a) Show that the posterior density of o has the same functional form.
(b) Identify the updated parameters of the posterior distribution.

(¢) Conclude that this family of distributions is conjugate to the Gaussian likelihood.
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8.

10.

Let X1,...,Xn be i.i.d. with

X; | A ~ Poisson(), A > 0.

Assume the prior density
p(\) ox A2 Le PA A>0.

Show that the posterior distribution of A has the same functional form and determine its
parameters.

. Let X1,..., X, be iid. with

Xi | p~N(p,o®),
where 02 is known.
Assume the prior
e~ N (MOv 7—2)'
(a) Derive the posterior distribution of .

(b) Compute the maximum a posteriori (MAP) estimator of pu.

(c) Show that the MAP estimator minimises

n 2

> (@i — 1)+ Z5 (1 = o),

, =
=1

Let (x;,y;) for i = 1,...,n be fixed data with
Yi| B~ Nz 8,07,

where o2 is known.
Assume the prior

B ~ N(Oa 7_2Id)'

Show that the MAP estimator of S minimises

n

)2 Oj 2
> (i == B)* + 5 11I3-

i=1



