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Problem Set

1. Let C; C R™ and Cy C R"™ be convex sets. Prove or disprove that the Cartesian product
Ci xCy C R™T"
is convex.

2. Let {Cy}aca be a family of convex subsets of R™. Prove or disprove that

ne.

acA

1S convex.

3. Give an explicit example of two convex subsets of R? whose union is not convex. Justify
your answer.

4. Let || - || be a norm on R™. Prove that the unit ball
B={xeR":|z| <1}
is a convex set.

5. Let || - || be a norm on R™. Prove that the function

f(z) = |z
1S convex.

6. Define the f,,-norm on R"™ by
[#][oc = max |z;].
1<i<n

Show that || - ||~ satisfies the axioms of a norm.

7. You may assume Holder’s inequality. Use it to show that for any = € R™,

n
Yolwl <Pl (p>1).
i=1

In particular, deduce the inequality

|zl < vzl
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8. Let A € R™ ™. The MoorePenrose pseudoinverse of A, denoted by Af, is the unique
matrix satisfying

AATA = A,
ATAAT = AT
(AANT = AAT,
(ATA)T = ATA.

Assume that A has singular value decomposition A = ULV . Let ©f be obtained by

replacing each nonzero singular value o of A by 1/0 and leaving zeros unchanged. Prove
that

At =vxiy?

satisfies the Moore—Penrose conditions.



