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Preliminaries



Differentials Are Perturbations

A differential records the first-order effect of a small change.

For a vector input, choose any direction dx € R":

f(x 4+ dx) = f(x) + df + higher-order terms.

For a matrix input, choose any direction dW of the same shape:

L(W + dW) = L(W) + dL + higher-order terms.

The symbols dx, dh, dz are vectors; dW is a matrix; dL is a scalar.
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Vector Gradient Read-Off

For a scalar function f : R” — R:
f‘
df =3 gx; dx; = (Vf) T dx.
If we rewrite the same scalar as

for every perturbation dx, then

2

-
3> dx, then Vif = [2].

Example. If df = <
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Matrix Gradient Read-Off

For matrices of the same shape,

(A, B) = tr(A" B) ZAUBU.

For a scalar loss L(W), define the matrix gradient by

dl = (Vi L, dW).

If we rewrite the same scalar as
dL = (A, dW)

Vul=4]

for every perturbation dW, then
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Weight Term Read-Off

Let
heR™ 66cR", dW e R™".

Start with the scalar
h'dW .

Componentwise,

thW5—ZZh dWj §; _ZZ (hid;)

i=1 j=1 i=1 j=1

Since

(h‘ST) = ‘517

hTdW§ = <h5T,dW> :

IJ'
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Vector Term Read-Offs

Let
WeR™" §ecR", dheR™, dbeR".

Previous-activation term:
0" WTdh = (Ws)  dh.

W= ws)

5" db

So the coefficient of dh is

Bias term:

is already in the read-off form c' db, so

=3
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Affine Layer Differential

Let
z=W'Th+b, WeR™" heR™ zbecR"

Then
dz=dW " "h+ WTdh+ db.

Component check:
dzj =Y dWjhi + > Wydh; + db;.
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Pointwise Activation Differential

Let h = g(z), where g is applied coordinate by coordinate:

Then

If dL = &, dh, then

Read off:
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Backpropagation



Gradient Descent

We train by minimizing a scalar loss £(8).

For a scalar function, we use column-vector gradients:

di = Z d9 = (VoL)'d

Gradient descent moves parameters in the negative-gradient direction:

60«0 —UVQ,C.

Problem. A neural network has many parameters, so we need all gradients efficiently.
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The Gradient Challenge

We need VgL with respect to every weight and bias.

Naive approach: finite differences

OL  L(0+cej) — L(6)
20; £

Requires one forward pass per parameter. For P = 10 parameters, this is not feasible.
Backpropagation:
» one forward pass: compute and store activations;

» one backward pass: propagate errors and accumulate gradients;
» total cost: O(P).
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One Layer and Its Perturbations

At layer I=1,...,L:

20 = WOTRO-D L0 h) = g2,

Objects and perturbations have matching shapes:
hU=1 ghU-1) ¢ R-1, W gw) ¢ gr-1xm

z('), dz() b db() € ™.
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One Layer: Differential

From
20 — wOTRU-1) + b(/)7

the first-order change is

dz{) = qwTh(=1) 4 WwDTgh(=1 4 gp().

Componentwise:
dz" = ZdW(/ p— ) +Z wiDdn{'™ + b,
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Delta Means Coefficient of dz

Define
60) .= V,nL e R".

This means

d = (60) " dz" =36 gz,
Jj

Since dz() is a vector, its coefficient () is also a vector in R™.
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One Layer: Expand d.C

Substitute the layer differential into d£ = (6())T dz():

dc = (60)" (dw(’)Th(H) + WTgh(=1) 4 db(’)).

Distribute:

de = (h=D)Taw s 1 (Whst) T ght=1 4 (50) T gp(.
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One Layer: Read Off Gradients

Use the matrix read-off on the first term:

(h(/—l))wa(/)(s(/) — <h(/—1)(5(/))T, dW(’)> .

So the three coefficients are:

Vo £ = hU=D(50)

T

Voo £ =60

VL = wst |
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Through the Activation

Since
WD = g1 (z07Y),  dh(=) =g/ (2!"D) @ d2l7D).

With V-1 L = wgh)
dl = (W(/)(s(/))—rdh(l—l)

= <W(l)5(l) o g//_l(z(l—l))>sz(l—1)‘

Hence

‘5(/—1) = ws) o g,',l(z(’_l)) ‘
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Backpropagation Formulas

For/ =L L—1,...,1:

Vol =hl"DE0)T v, =60,

Then pass the vector coefficient backward:
Vhi-nL = ws,

80D =V, inLog_ (2ID).
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Forward and Backward Pass

store z(1), h() store z(2), h(®
h(©) h(1) h() R
: /
5O 5@ 5@
VW(U’C VW(Z)[’
Forward (left to right): Backward (right to left):

compute and store activations layer by layer propagate deltas, accumulate gradients
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Forward Pass Algorithm

Input: x; parameters {W(’),b(’)},L:1
Output: ; stored {z() h(N}
h© « x;
for /=1,2,...,L do
200 & WTRI-D) 4 p().
h()  g(z);
end
return h(1):

Critical: store every z() and h(). They are read by the backward pass.
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Backward Pass Algorithm

Input: target y; stored {z(),h(N}; {W ()}
Output: {VWU)E, vb(’)ﬁ}}:l
80— —(y-9);
for =L, L—1,...;1do
Vo L+ hU=D(sM)T;
Vb(/)ﬁ — 5(l);
if / > 1 then
5(/71) . W(I)(s(’) @g//_l(z(l_l));
end
end
return gradients

// MSE: output gradient
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Classwork: Trace the Chain Rule

Try it (5 minutes)

Consider a scalar 2-layer network:

721 =wix+ by, hy=max(0,z1), §=wehi+ by, L= %( —)’7)2.

Withx=2 wy =1, b=-1, wo, =3, bpb=0, y =0:

© Compute z1, hy, y, L (forward pass).

@ Compute OL/0ws and OL/0bo.

© Compute 6; = V,, L using the chain rule. Then find 0L/0w;.
[Hint: 6(8) = —(y — 9); then 6(1) = wys(D) . g’(z1) ]
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Worked Example: The 2-2-1 ReLU Network

1 11 2 1
_ _ (1) _ (1) _ @ _ 2
(o) v w00 n) W= (3) =) e

dead
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Worked Example: Forward Pass

Step Quantity Value

1 Wb [103] 4[] = [5]

2 h() = max(0, z1) [?] wnit 1is dead (z; < 0)
3 g=w@Th®) 4+ p2 1.043.1+0=3

4 L=3y-9)? 3(1-3p =2
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Worked Example: Backward Pass

Step Quantity Value

1 D =—(y-y) —(1-3) =2

2 VoL =ho.§52 [9]-2=[9]

3 Vo £ =w® . 53 [3] 2= [§]

4 g'(zV) (ReLU deriv.)  [9]  (unit 1 dead)
5 oW =vwlLogz®) [2]o[l]=2]

6 VoLl =x(6M)T [3][o6] =8 5]
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The Dead ReLU

Unit 1 is dead: z; = —1 < 0 = g'(z1) = 0= &) = 0.
Consequence for parameters feeding unit 1:

V,owl=x-6"=0 V

1
wi

No gradient reaches the parameters of a dead unit. If a unit is dead on every training example,
its parameters never update: the unit is permanently frozen.

Fixes: careful initialisation, small learning rate, leaky RelLU (g(z) = max(az, z) for small
a > 0).
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Classwork: One More Backward Pass

Try it (5 minutes)

Use the same 2-2-1 network (same parameters W) b(1) w(®) b)) but now with input
x=[0,1]T, y =0.

© Run the forward pass: compute z(), h(1)| § and L.

@ Are both hidden units active for this input?
© Compute 6® and 6.
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Key Takeaways

» Backpropagation computes all parameter gradients in O(P): one forward pass (store
activations) plus one backward pass (propagate deltas).

» The delta recurrence: §() = Ww(+1)§0+1) @g,’(z(’)) propagates errors back through the
weight matrices, gated by the activation derivative.

» Parameter gradients are outer products: V()L = h(/_l)(é(’))T.

» Dead RelLU units produce zero delta and zero parameter gradient; their parameters
cannot be updated.

» Optimisation: gradients are used by SGD / minibatch SGD / Adam to update
parameters (see Appendix of notes).
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